Abstract. In this work, the quasistatic thermoviscoelastic thermistor problem is considered. The thermistor model describes the combination of the effects due to the heat, electrical current conduction and Joule's heat generation. The variational formulation leads to a coupled system of nonlinear variational equations for which the existence of a weak solution is recalled. Then, a fully discrete algorithm is introduced based on the finite element method to approximate the spatial variable and an Euler scheme to discretize the time derivatives. Error estimates are derived and, under suitable regularity assumptions, the linear convergence of the scheme is deduced. Finally, some numerical simulations are performed in order to show the behaviour of the algorithm.
presented following [12, 20] . An existence and uniqueness result is recalled. Then, a fully discrete scheme is introduced in Section 3, using the finite element method to approximate the spatial variable and the backward Euler scheme to discretize the time derivatives. Error estimates are established on the approximative solutions and, as a consequence, the linear convergence of the algorithm is derived under suitable regularity assumptions. Finally, in Section 4 some two-dimensional examples are presented in order to show the performance of the method.
Mechanical and variational problems
In this section, we follow [12, 20] and we refer the reader there for details. Let S d denote the space of second order symmetric tensors defined on R d , and let ":" and | · | represent the inner product and the norm on S d , respectively.
Let Ω ⊂ R d (d = 2, 3) be a bounded domain with a smooth boundary Γ = ∂Ω, representing the isothermal reference configuration of the thermoviscoelastic body, the thermistor. We assume that Γ is divided into two parts Γ D and Γ N such that Γ D ∩ Γ N = ∅, where Γ D has positive measure. We denote by ν = (ν 1 , . . . , ν d ) the outward unit normal vector to Γ.
The body is clamped on Γ D and moreover, the temperature and electrical potential are prescribed there. On Γ N the body is free, electrically insulated and exchanging heat with the environment. Dirichlet conditions are chosen on Γ D for the three fields, for the sake of simplicity. We let θ denote the temperature field, φ the electrical potential and u = (u 1 , . . . , u d ) the displacements field. Let T > 0 and set Ω T = Ω × (0, T ).
The constitutive and motion equations are written in Ω T as follows (see [11] ):
Here and below, i, j, k, l = 1, . . . , d and summation over repeated indices is implied. Tr : R → R is a truncation operator defined by
where L > 0 is a given constant assumed large enough. Finally, we note that the inertia term was neglected in the motion equation (3), and then the process is quasistatic. Equation (1) is the energy equation expressed in terms of the temperature. Here, θ is measured with respect to a reference absolute temperature Θ ref , given in degrees Kelvin. We assume that Θ ref is also the ambient temperature. The density ρ(> 0) and the heat capacity c p (> 0) are assumed to be constant; K = K(θ) = {k ij (θ)} and M = {m ij } are the heat conduction and thermal expansion tensors, respectively, and for the sake of generality it is assumed that the thermal and mechanical properties of the material are anisotropic. The electrical conductivity σ el = σ el (θ) is assumed to depend strongly on the temperature. However, we assume that the electrical properties of the material are isotropic. Equation (2) represents the electrical charge conservation, and (4) is the material constitutive relation. Here, A = {a ijkl } is the elasticity tensor; B = {b ijkl } is the tensor of viscosity coefficients; f = (f 1 , . . . , f d ) represents the density of body forces. Moreover, if we denote by ε the linearized strain tensor (ε = ε(u) = Although different possibilities for σ el (θ) have been considered in many publications (including the so-called "capacity solutions" in [8, [22] [23] [24] ), here it is assumed that the electrical conductivity is nondegenerate and bounded. Thus,
for σ * sufficiently small, and some constant σ * . To complete the classical formulation of the problem we have to specify the initial and boundary conditions. For the sake of the simplicity, homogeneous conditions are assumed on Γ D for the displacement and temperature fields (but not for the electrical potential since it would imply that φ = 0), that is,
On Γ N the body exchanges heat with the environment, it is electrically insulated and stress-free, thus,
where α is the convective heat transfer coefficient. The initial conditions are,
where θ 0 , u 0 denote the initial temperature and the initial displacements, respectively. The classical formulation of the quasistatic thermoviscoelastic thermistor problem is: find {θ, φ, u} such that (1)-(4), (6)-(10) hold.
We turn now to obtain a weak formulation of the problem. Let us define the following variational spaces:
The following assumptions are done: (i) The density ρ and the heat capacity c p are positive constants.
(ii) The electrical conductivity σ el satisfies (5) and it is Lipschitz continuous.
(iii) The thermal conductivity tensor {k ij } is bounded and Lipschitz continuous, satisfying
and some positive δ. (iv) The elasticity and viscosity tensors {a ijkl } and {b ijkl } are bounded and Lipschitz continuous, satisfying
The initial temperature and the initial displacements satisfy θ 0 ∈ V and u 0 ∈ E, respectively.
(vi) The density of body forces has the regularity
The variational form of (1)- (4), (6)- (10) is: find θ :
An existence result for a dynamic version of problem (13)- (16) was given in [20] . It is based on time-retarded approximate problems, a priori estimates and compactness arguments. That proof can be modified in order to obtain the existence of a solution to problem (13)- (16), which we summarize in the following. 
Remark 1.2. The regularity (17) does not allow to obtain the error estimates provided in the next section. However, since in this case the problem is quasistatic and the quadratic term in the heat equation was replaced by a Lipschitz function, it seems reasonable to assume that this regularity can be improved using, for instance, Banach fixed point arguments. This problem remains an open question and it will be addressed in the future.
A fully discrete scheme: error estimates
In this section, the above variational problem is discretized in time using the backward Euler scheme and in space by a finite element method. The functions u, φ and θ are approximated by continuous piecewise affine functions on a defined mesh. Thus, we obtain a linear discrete problem for the displacement equation coupled with a nonlinear discrete problem for the temperature and the electrical potential which is solved by an iterative algorithm.
For the time discretization, we denote by N the number of time steps and by ∆t = T /N the time step. For a continuous function F , let F n = F (t n ) with t n = n ∆t, for n = 0, . . . , N. Associated with a family of regular meshes T h of the domain Ω, we consider the finite element spaces E h and V h given by
where P 1 (K) denotes the space of polynomials of global degree less or equal 1 defined in an element K.
In order to simplify the writing and the calculations presented below, let us assume that φ b = 0. It is straightforward to extend the error estimates to the nonhomogeneous case by using the orthogonal projection operator over V h .
Then, using the backward Euler scheme to discretize the time derivatives, the following fully discretized problem is introduced:
where u 0,h ∈ E h and θ 0,h ∈ V h are appropriate approximations of the initial conditions u 0 and θ 0 , respectively. Remark 2.1. Notice that the discrete problem (20) can be seen as a linear system which is solved using Cholesky's method and then, displacements are updated from (21) . Besides, discretized problem (22)- (23) is a nonlinear system due to the temperature dependence on the physical parameters, as the electrical and thermal conductivities, and the Joule's source term in (23) . It is solved using a penalty-duality algorithm, coupled with fixed point iterations, introduced in [6] .
The aim of this paper is to obtain an error estimates for the energy norms θ
Then, let us assume the following regularity conditions on the continuous solution,
Remark 2.2. We note that there is a gap between these assumptions, required for obtaining the error estimates presented below, and the regularity of the solution provided in Theorem 1.1. This gap is an open problem that needs to be addressed.
First, we write (13) at time t = t n . Taking r = r h ∈ V h ⊂ V and substracting it to (22) we find that
and therefore,
for all r ∈ V , and using the regularity φ n ∈ W 1,∞ (Ω), property (ii) and the Cauchy's inequality
after easy algebraic manipulations we have, for all r
where ε is assumed to be small enough and c > 0, here and everywhere below, is a positive constant that may vary from line to line and it is independent of the discretization parameters h and ∆t. Secondly, we rewrite the variational equation (15) at time t = t n for all w = w h ∈ E h ⊂ E and we substract it to (20) to obtain
where (21) was employed. Thus,
where I n is the integration error given by
using now assumption (iv) and (25) , after some algebra it follows that
Finally, we need to estimate the numerical errors on the temperature field. Then, we consider (14) at time t = t n for all z = z h ∈ V h ⊂ V . Substracting it to (23) , it leads to the following variational equation,
In order to simplify the writing, let us define δθ n = (θ n − θ n−1 )/∆t and δθ
)/∆t. Using the properties (i), (ii) and (iii), the Cauchy's inequality (25) and the regularity θ n ∈ W 1,∞ (Ω), and keeping in mind that
after easy algebraic manipulations we find
where ε > 0 is assumed to be sufficiently small. Since
proceeding by induction we obtain
Using similar ideas to those applied in [7] for estimating the numerical errors in the damage field, we have
and then,
Let us denote by
for n = 1, . . . , N, and
the numerical errors, and define, for n = 1, . . . , N,
and
Combining now (26) , (27) and (28), it leads to the following error estimates,
e j ), for n = 1, . . . , N.
Finally, using a discrete version of Gronwall's lemma (see [13] for details), the following error estimates result is obtained. (24) hold. Let {u, θ, φ} denote the solution to problem (13)- (16) and {u h , θ h , φ h } the solution to discrete problem (20) - (23) . Then, the following error estimates are obtained for all {z
Theorem 2.3. Let the assumptions (i)-(vii) and the regularity conditions
where g n is given by (29)
-(30).
We note that (31) is the basis for the analysis of the convergence rate. Therefore, if we assume, for instance,
we have the following corollary which states the linear convergence of the numerical algorithm. 
where π h : C(Ω) → V h is the standard finite element interpolation operator (see [9] ), and
Under the additional regularity conditions (32), the linear convergence of the fully discrete scheme is obtained; that is, there exists c > 0, independent of h and ∆t, such that
and, using the approximation properties of the finite element spaces V h and E h and the regularity (32), it follows that (see [9] )
Keeping in mind that
Since θ 0,h and u 0,h are defined by (33), well-known results (see [9] for details) lead to the following estimates:
Finally, proceeding as in [7] we obtain that
which concludes the proof.
Numerical simulations
In order to verify the performance of the numerical algorithm described in the previous section and to gain insight into the behaviour of the solutions, we performed several numerical experiments. In this section we present two of the results obtained in these numerical simulations.
In all the problems presented below, the body is assumed to be under the plane stress hypothesis with elasticity tensor A,
where δ αβ represents the Kronecker symbol, and E and κ are Young's modulus and Poisson's ratio of the material that occupies Ω, respectively. The viscosity tensor B has a similar form,
where η 1 and η 2 are viscosity coefficients. Finally, the truncation value L = 1000 is employed and the thermal expansion tensor M is constant and homogeneous, namely M = m I = {m δ αβ }, with m a positive constant.
First example: convergence of the algorithm in an academical test
As a first example we consider an academical test. We denote by Ω the unit square domain (0, 1) × (0, 1) which is the cross-section of a three-dimensional viscoelastic body. On the part Γ D = {0, 1} × [0, 1] the body is clamped and so the displacement field vanishes there. The temperature field is also assumed to be fixed (and equal to Θ ref ) on Γ D , and the electrical potential is defined by φ(x, y, t) = 0 if x = 0 and φ(x, y, t) = 1 if x = 1 for all t ∈ [0, 1] (T = 1 s). Finally, the part Γ N is assumed traction-free, there is no heat exchange (value α = 10 9 is used for its simulation) and no body forces act in the thermistor. In order to see the convergence behaviour of the scheme, a sequence of numerical solutions is computed based on uniform partitions of the time interval 
The electrical conductivity σ el and the thermal conductivity tensor k αβ have the following form:
The numerical solution corresponding to n = 256 (h ≈ √ 2/n) and ∆t = 0.0005 is taken as the "exact solution", used to compute the numerical errors defined by the expression
In Table 1 these errors, multiplied by 100 and obtained for some n and ∆t, are shown. The numerical convergence is clearly observed. We also notice that there is not dependence on the time discretization parameter (the errors are less than 10 −6 ). This is produced since the data are all time-independent. In Figure 1 the numerical errors are plotted with respect to the spatial discretization parameter h. The linear convergence is depicted.
If we consider now the following (time-dependent) boundary condition for the electrical potential,
and we use the above data, in Table 2 the numerical errors are shown for some n and ∆t. Again, the numerical convergence is observed. However, the linear convergence rate is not achieved (see Fig. 2 ). Finally, a finite element triangulation composed of 1073 nodes and 2024 triangles and a time discretization step ∆t = 0.001 are employed in the simulations. The aim of this example is to investigate the influence of the parameter α, the heat transfer coefficient, into the process. Therefore, in Figure 3 the temperature fields, corresponding to α = 10 and α = 10 000, are plotted at final time. As we can see, increasing the value of α implies that the body exchanges less temperature, on the boundary Γ N , with the environment. The corresponding electrical potentials and stress fields are shown, for the same values, in Figures 4 and 5 , respectively. We notice that, when α increases, the electrical potential ceases to be constant with respect to the Y -variable. Moreover, stresses appear, in both cases, due to the increasing of the temperature, which may cause the breaking of the thermistor.
